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Abstract

Mediation analysis has been widely used to investigate how a treatment influences
an outcome through intermediate variables, known as mediators. Analyzing a medi-
ation mechanism typically requires assessing multiple model parameters that charac-
terize distinct pathwise effects. Classical methods that estimate these parameters in-
dividually can be inefficient, particularly when the underlying pathwise effects exhibit
substantial imbalance. To address this challenge, this work proposes a new joint adap-
tive penalty that integrates information across entire mediation mechanisms, thereby
enhancing both parameter estimation and pathway selection. We establish theoreti-
cal guarantees for the proposed method under an asymptotic framework and conduct
extensive numerical studies to demonstrate its superior performance in scenarios with
unbalanced mediation pathways.

Keywords: Mediation analysis, adaptive penalty, structural equation models.

1 Introduction

Mediation analysis explores whether and how a treatment influences an outcome through
intermediate mediator variables (MacKinnon, 2012; Tingley et al., 2014). It decomposes the
treatment effect on the outcome into the indirect/mediation effect through the mediators
and the direct effect through other causal mechanisms. This decomposition can improve our
understanding of complex mechanisms and inform the design of effective interventions. In
biomedical research, for example, mediation analysis has been used to examine how exposure
to fine particulate matter increases mortality through metabolic and cardiovascular diseases
(Bai et al., 2022), and how antibiotic treatments influence asthma development through
changes in the microbiome (Toivonen et al., 2021). Across various scientific fields, modern
technological advances enable the simultaneous measurement of numerous candidate media-
tors, such as genomic features (Abrishamcar et al., 2022; Yang et al., 2024), neural signatures
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Figure 1: Directed acyclic graphs for mediation pathways.

(Chén et al., 2021; Zhao et al., 2022), and metabolic traits (Ko et al., 2023; Lu et al., 2023).
Developing efficient analysis for multiple mediators can help uncover active pathways for
more targeted interventions and deepen our understanding of complicated systems.

In this work, we focus on the multi-mediator framework where the goal is to understand
how an exposure/treatment T influences an outcome Y through p potential mediators M =
[M1, . . . ,Mp]

⊤. To achieve this, classical mediation analyses model the relationship between
exposure, potential mediators, and the outcome through directed acyclic graphs. One class
of existing studies investigates multiple mediators as a group, which can be illustrated as in
Figure 1a. This class includes methods examining the overall group-level mediation effect
(VanderWeele and Vansteelandt, 2014; Zhou et al., 2020; Hao and Song, 2023) or jointly
transforming multiple mediators, such as to principal components (Huang and Pan, 2016;
Chén et al., 2018; Bellavia et al., 2019; Zhao et al., 2020).

To further reveal the detailed causal mechanisms through the observed mediators, various
efforts have also been made to study pathways via each individual mediator (Imai and
Yamamoto, 2013; Vansteelandt and Daniel, 2017; Jérolon et al., 2021), as illustrated in Figure
1b. In this case, a central question is to estimate the mediation effect through each individual
mediator Mj and assess whether it is significantly different from zero, indicating whether Mj

plays an active mediating role or not. Estimating mediation effects and identifying active
pathways through individual mediators can uncover complicated causal mechanisms and
guide the development of effective interventions. To address the above question, researchers
have proposed statistical methods from both frequentist and Bayesian perspectives. From the
frequentist perspective, pathwise effects are often modeled as fixed parameters, commonly as
coefficients in structural equation models. Examining mediation effects is then formulated as
estimating these coefficients and determining whether or not the corresponding estimands are
zero. Within this framework, one research line focuses on fitting a joint model of (T,M , Y )
based on observed data, often incorporating regularizations to handle multiple mediators.
Examples include the minimax concave penalty (Zhang et al., 2016), de-biased LASSO (Gao
et al., 2019), adaptive LASSO (Zhang, 2022) and pathway-specific penalty (Zhao and Luo,
2022). Another research line considers scenarios where estimators for pathwise effects along
T → Mj and Mj → Y have been obtained along with their asymptotic distributions. Then
these studies primarily focus on correcting for multiple comparisons across multiple mediators
(Dai et al., 2022; Liu et al., 2022; Du et al., 2023). From the Bayesian perspective, pathwise
effects are modeled as random coefficients in structural equation models. Estimation and
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variable selection can be achieved through Bayesian shrinkage estimation with appropriate
priors (Song et al., 2020, 2021).

This work focuses on fitting the joint model of (T,M , Y ) with regularization from the
frequentist perspective. Within this paradigm, most existing methods apply separate reg-
ularizations for the exposure-to-mediator (T → M) and mediator-to-outcome (M → Y )
paths (Gao et al., 2019; Zhang, 2022). However, such a separate-fitting strategy does not
effectively combine joint information across the two sets of paths T → M and M → Y in
mediation analysis. This limitation becomes especially problematic if the pathwise effects
are unbalanced. For example, when the pathwise effect along T → Mj is strong but that
along Mj → Y is weak, examining the two paths separately may result in overlooking this
active mediation pathway T → Mj → Y as a whole. A more detailed illustration under
the classical parallel model is provided in Section 3.1. In the existing literature, Zhao and
Luo (2022) introduces a pathway-specific LASSO method and jointly fits the model over
(T,M , Y ). However, it can be computationally expensive, and its accuracy of identifying
active pathways can be low, as further demonstrated in the Supporting Information.

This work focuses on fitting the joint model of (T,M , Y ) with regularization from the
frequentist perspective. Within this paradigm, most existing methods apply separate reg-
ularizations for the exposure-to-mediator (T → M) and mediator-to-outcome (M → Y )
paths (Gao et al., 2019; Zhang, 2022). However, such a separate-fitting strategy does not
effectively combine joint information across the two sets of paths T → M and M → Y in
mediation analysis. This limitation becomes especially problematic if the pathwise effects
are unbalanced. For example, when the pathwise effect along T → Mj is strong but that
along Mj → Y is weak, examining the two paths separately may result in overlooking this
active mediation pathway T → Mj → Y as a whole. A more detailed illustration under
the classical parallel model is provided in Section 3.1. In the existing literature, Zhao and
Luo (2022) introduces a pathway-specific LASSO method and jointly fits the model over
(T,M , Y ). However, it can be computationally expensive, and its accuracy of identifying
active pathways can be low, as further demonstrated in Section F of the appendix.

To overcome the above challenges, this work proposes a new joint adaptive penalty
that combines information across distinct and potentially unbalanced pathwise effects while
maintaining low computational cost. The penalty is constructed by incorporating adaptive
weights informed by the significance of target mediation effects. Theoretically, we establish
asymptotic guarantees showing that the proposed penalty controls estimation errors and
achieves consistent selection of active mediation pathways. Through extensive numerical
studies, we demonstrate our method is scalable and yields superior performance across vari-
ous scenarios. The new penalization framework will advance current mediation analysis with
multiple mediators, facilitating more important scientific discoveries.

The rest of the paper is organized as follows. Section 2 introduces the framework under
which our analysis is conducted. Section 3 introduces the new proposed penalty, including
its construction and asymptotic theory. Section 5 reviews the comparable methods in the
existing literature. Section 6 conducts numerical experiments to compare the proposed
method and the existing methods under finite samples. In Section 7, we demonstrate our
method by investigating the effect of gastrectomy on total cholesterol level mediated by the
gut microbiome. We conclude this paper with discussions in Section 8. All the proofs are
deferred to the appendix.
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We will use the following notations throughout the paper. For two sequences of real
numbers (an) and (bn), we let an ≫ bn denote limn→∞ bn/an = 0, let an ≪ bn denote
limn→∞ an/bn = 0, and let an ≲ bn denote that there exists a constant C > 0 such that
|an| ≤ C|bn| for all n. For a sequence of random variables (Xn) and a sequence of real
numbers (an), we let Xn = Op(an) represent that for any ϵ > 0, there is a positive constant
Cϵ such that supn Pr (|Xn| ≥ Cϵ|an|) < ϵ. We use →p to denote convergence in probability.

For a vector x = [x1, . . . , xp]
⊤ ∈ Rp and a positive integer q, let ∥x∥q = (

∑p
j=1 |xj|q)1/q

represent the ℓq norm of x. For a matrix A = [aij] ∈ Rm×n, let A⊤ represent its transpose,
and let ∥A∥F = (tr(A⊤A))1/2 represent its Frobenius norm. Let A ⊥⊥ B | E represent the
independence of random variables A and B conditional on an event E .

2 Model and Setup

We consider that the exposure T , p potential mediators M , and outcome Y follow the
canonical linear structural equation model (MacKinnon, 2012):

M = α∗T + ζ∗⊤
M X +E, Y = η∗T + β∗⊤M + ζ∗⊤

Y X + ϵ, (1)

where α∗ =
[
α∗
1, . . . , α

∗
p

]⊤ ∈ Rp, β∗ =
[
β∗
1 , . . . , β

∗
p

]⊤ ∈ Rp, ζ∗
M =

[
ζ∗M,ij

]
1≤i≤q,1≤j≤p

∈ Rq×p,

and ζ∗
Y =

[
ζ∗Y,1, . . . , ζ

∗
Y,q

]⊤ ∈ Rq. Additionally, X represents a q-dimensional observed pre-
treatment confounding variable, and we assume its first element is set to be one to allow for
an intercept. The random errors E and ϵ are independent with zero mean, and (E, ϵ) are
independent of (T,X). We emphasize that the model (1) is considered for the simplicity
of illustration and interpretation, whereas our Joint Adaptive Penalty proposed in Section
3 is general and could potentially be extended under other models for mediation pathway
analysis.

Coefficients in the model (1) can be connected with causal estimands, particularly indi-
vidual mediation/indirect effects under the counterfactual framework (Imai and Yamamoto,
2013; Loh et al., 2022). In the existing literature, one class of works examines classical
natural indirect effects through individual mediators, and identification typically requires
that the causal relationships between multiple mediators be either absent or known (Daniel
et al., 2015; Taguri et al., 2018). Another class of studies examines interventional indirect
effects, which are defined by setting the mediator to a random draw from the distribution
of the counterfactual mediator, and often do not require knowledge of the causal structure
among mediators (Vansteelandt and Daniel, 2017). Under the canonical parallel path model
(1), the analytical forms of the natural and interventional indirect effects coincide under
suitable assumptions (Jérolon et al., 2021; Loh et al., 2022). For simplicity, we only review
the standard natural indirect effect and present its analytical form under (1). Notably, the
conditions for identifying interventional indirect effects are generally weaker, with further
discussions available in Loh et al. (2022) and Miles (2023).

Let M(t) = (M1(t), . . . ,Mp(t))
⊤ represent the potential value of M under the treat-

ment status t. For each j = 1, . . . , p, let M−j denote entries in M excluding Mj, and
similarly define M−j(t). Let Y (t,m) represent the potential outcome of Y if T and M
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were set to be t and m, respectively. To define the natural indirect effect through a me-
diator, we follow the framework in Imai and Yamamoto (2013) which assumes no causal
ordering between mediators. In this case, we can simultaneously let (Mj(t

′),M−j(t
′′))

denote potential outcomes of Mj and M−j if T were set to be t′ and t′′, respectively,
for j = 1, . . . , p. We then consider the natural indirect effect through Mj defined as
δj(t

′; t) = E [Y (t,Mj(t
′),M−j(t))] − E [Y (t,Mj(t),M−j(t))], where t′ and t are the treat-

ment statuses being compared. To identify δj(t
′; t), we assume the standard consistency

condition (Condition 1) and the sequential ignorability condition for multiple causally unre-
lated mediators (Condition 2) first introduced in Jérolon et al. (2021).

Condition 1. For all possible values of t and m, M = M(t) and Y = Y (t,M(t)) if T = t,
and Y = Y (t,m) if T = t and M = m.

Condition 2. For j = 1, . . . , p and all possible values of t, t′, t′′,m, and w, assume (i)
{Y (t,m,w),Mj(t

′),M−j(t
′′)} ⊥⊥ T | {X = x}, (ii) Y (t′,m,w) ⊥⊥ (Mj(t),M−j(t)) | {T =

t,X = x}, and (iii) Y (t,m,w) ⊥⊥ (Mj(t
′),M−j(t)) | {T = t,X = x}.

Detailed interpretations of Condition 2 can be found in Jérolon et al. (2021). Notably,
Condition 2 allows the mediators to be uncausally correlated after conditioning on the treat-
ment and observed pretreatment confounders, e.g., due to unmeasured pretreatment con-
founders. Such flexibility can accommodate mediators that covary together in real-world
applications. We next derive an analytical formula of δ(t, t′) in Lemma 1 below. It general-
izes Corollary 3.2 in Jérolon et al. (2021) by relaxing their assumptions on the Gaussianity
and constant correlations of noise terms.

Lemma 1. Under the model (1) and Conditions 1 and 2, δj(t
′; t) = α∗

jβ
∗
j (t

′ − t).

Lemma 1 shows that δj(t
′; t) is proportional to the product of coefficients α∗

jβ
∗
j under the

model (1). Therefore, a mediatorMj and its corresponding individual pathway T → Mj → Y
are referred to as active if α∗

jβ
∗
j ̸= 0.

Remark 1. In scenarios with multiple mediators, various definitions of indirect effects have
been proposed, and the associated identification conditions can differ from and even relax
those discussed above, including allowing known and unknown causal orderings between me-
diators (Daniel et al., 2015; Loh et al., 2022). Despite that, the same product-of-coefficients
form have been consistently observed (Imai and Yamamoto, 2013; Daniel et al., 2015; Huang
and Pan, 2016; Loh et al., 2022). Our proposed method will be based on these products α∗

jβ
∗
j

and thus is inherently generalizable beyond the particular set of definitions and assumptions
reviewed above.

3 Joint Adaptive Penalty

3.1 Unbalanced Mediation Pathways and Challenges

We aim to fit the model (1) while performing efficient identification on the set of mediators
Mj with active mediation effects. Under our studied model (1), an individual pathway
T → Mj → Y consists of two paths T → Mj and Mj → Y with effects characterized by the
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two coefficients α∗
j and β∗

j , respectively. Based on the relative magnitudes between α∗
j and

β∗
j , we can divide active pathways into balanced and unbalanced cases. Specifically, there

can exist three scenarios: (a) balanced pathway where the absolute values of α∗
j and β∗

j are
similar, (b) unbalanced pathway with the scale of α∗

j being much larger than that of β∗
j , and

(c) unbalanced pathway with the scale of α∗
j being much smaller than that of β∗

j . These
scenarios are visualized as in Figure 2 (a)–(c). As mentioned in Section 1, existing methods
that apply separate regularizations on the effects α∗

j and β∗
j may lack power for identifying

a significant mediation effect α∗
jβ

∗
j under unbalanced scenarios, as one of the coefficients can

be too small to detect its significance.

T Mj Y
α∗
j β∗

j

(a) Balanced.

T Mj Y
α∗
j β∗

j

(b) Unbalanced |α∗
j | > |β∗

j |.

T Mj Y
α∗
j β∗

j

(c) Unbalanced |α∗
j | < |β∗

j |.

Figure 2: Visualization of balanced and unbalanced mediation pathways. Line widths of the
solid links show relative magnitudes of the corresponding pathwise effects.

3.2 Procedure

To address the above inherent challenge of identifying effects of unbalanced pathways, we
propose a new penalty that can be adaptive to the joint pathway effect of interest, referred
to as Joint Adaptive Penalty (JAP) below. The overall idea is that less regularization shall
be used to estimate α∗

j and β∗
j if a targeted mediation effect α∗

jβ
∗
j is significant, and vice

versa. As true coefficients are unknown in practice, our proposal proceeds in two stages:
first, obtain suitable initial estimates of the mediation effects α∗

jβ
∗
j ’s, and second, refit the

model with regularization adjusted according to the initial estimates. For concreteness, we
next describe our proposed method based on the ℓ1-norm LASSO penalty of coefficients
(Tibshirani, 1996; Zou, 2006). But we emphasize the idea is general and could potentially
be extended under other regularizations.

In particular, consider a dataset with n independently and identically distributed obser-
vations {Ti,M i, Yi,X i}ni=1. Let Tn = [T1, . . . , Tn]

⊤ ∈ Rn, Mn = [Mij]1⩽i⩽n,1⩽j⩽p ∈ Rn×p,

Yn = [Y1, . . . , Yn]
⊤ ∈ Rn, and Xn = [Xij]1⩽i⩽n,1⩽j⩽q ∈ Rn×q. We assume the data following

the model (1), i.e.,
Mn = Tnα

∗⊤ +Xnζ
∗
M + En,

Yn = Tnη
∗ +Mnβ

∗ +Xnζ
∗
Y + ϵn,

(2)

where En = [Eij]1⩽i⩽n,1⩽j⩽p and ϵn = [ϵ1, . . . , ϵn]
⊤ are the error matrix/vector of the

exposure-to-mediator and mediator-to-outcome models, whose rows/entries are indepen-
dently and identically distributed with zero mean. For the simplicity of presentation, We
let

DM = (Tn,Xn) ∈ Rn×(1+q), θM = (α, ζ⊤
M)⊤ ∈ R(1+q)×p,

DY = (Tn,Xn,Mn) ∈ Rn×(1+q+p), θY = (η, ζ⊤
Y ,β

⊤)⊤ ∈ R1+q+p
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represent design matrices and coefficients in the exposure-to-mediator and mediator-to-
outcome models, respectively. We propose the following procedure that can estimate model
coefficients and identify active mediation pathways.

Step 1: Initialization. Construct initial estimates α̂0
n = [α̂0

n1, . . . , α̂
0
np]

⊤ and β̂
0

n =

[β̂0
n1, . . . , β̂

0
np]

⊤ for α∗ and β∗, and let α̂0
njβ̂

0
nj be initial estimates for α∗

njβ
∗
j across j = 1, . . . , p.

Step 2: Joint Adaptive Penalized Regression. Estimate coefficients in the model
(1) by solving

θ̂M,n = argmin
θM∈R(1+q)×p

ℓM(θM ; DM ,Mn) + λnα

p∑
j=1

|αj|
ŵnj,α

, (3)

θ̂Y,n = argmin
θY ∈R1+q+p

ℓY (θY ; DY ,Yn) + λnβ

p∑
j=1

|βj|
ŵnj,β

, (4)

where ℓM(·) and ℓY (·) represent the loss functions that fit data without regularizations
imposed on α and β, λnα ⩾ 0 and λnβ ⩾ 0 are regularization parameters for α and β,
respectively, and we construct pathway adaptive weights

ŵnj,α = |α̂0
njβ̂

0
nj|γα + |α̂0

nj|2ηα and ŵnj,β = |α̂0
njβ̂

0
nj|γβ + |β̂0

nj|2ηβ , (5)

with prespecified constants γα > 2ηα > 0 and γβ > 2ηβ > 0. The proposed joint adaptive

penalized estimates α̂n = (α̂n1, . . . , α̂np)
⊤ and β̂n = (β̂n1, . . . , β̂np)

⊤ for α∗ and β∗ are

constructed as taking the corresponding components in θ̂M,n and θ̂Y,n.
Step 3: Identification of Active Mediation Pathways. The proposed penalized es-

timates can be used to identify active mediation pathways with selection efficiency improved
from combining two pathway effects. In particular, we construct the set

Ân =
{
j : α̂njβ̂nj ̸= 0, j = 1, . . . , p

}
. (6)

The proposed penalties in (3) and (4) extend the classical LASSO penalty and yield
tailored estimation for mediation pathway analysis. When ηα = γα = ηβ = γβ = 0, the
weights in (5) reduce to constants, and (3) and (4) become equivalent to fitting LASSO to the
exposure-to-mediator and mediator-to-outcome models, respectively. Our proposed penalties
achieve estimation that is adaptive to mediation pathway properties by incorporating the
weights in (5). In particular, each weight in (5) consists of two parts: one proportional to
the exponential of |α̂0

njβ̂
0
nj|, the absolute value of the initial estimate of the mediation effect,

and the other proportional to the exponential of the magnitude of the initial estimate of a
single coefficient, i.e., |α̂0

nj| or |β̂0
nj|. Without the former, the proposed penalty reduces to

the adaptive LASSO (Zou, 2006), which adaptively assigns a smaller penalty to a coefficient
if its initial estimate is significant. Our proposal generalizes the idea by assigning a smaller
penalty to a coefficient if either its own initial estimate is significant or the initial estimate
of its corresponding mediation effect is significant. In this way, if a single coefficient is weak
but its corresponding mediation effect is significant, it is less likely to be missed using the
proposed penalties compared to using the LASSO or adaptive LASSO. This can be especially
helpful under the types of unbalanced mediation pathways illustrated in Figure 2.
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The proposed initialization+refitting strategy is advantageous for efficient computation
and flexible implementation. In particular, the adaptive pathway information |α̂0

njβ̂
0
nj| from

initialization is fixed during the refitting stage, and the refitting optimization in (3) and (4)
are convex with respect to α and β, allowing for the application of a wide range of standard
solvers and flexible choice of loss functions. On the other hand, although it may be tempting
to consider a penalty that is a function of |αjβj|, i.e., directly examining targeted mediation
effects without initialization, we note that |αjβj| is not a convex function with respect to
(αj, βj) as pointed out by Zhao and Luo (2022). As a result, extra adjustments may be
needed and the computation can be burdensome.

More generally, the proposed adaptive weights may be combined not only with LASSO
but also with any other penalties that one prefers. As an example, for another penalty P(αj)
used in fitting the T → Mj model, we can similarly reweight the penalty as P(αj)/ŵnj,α to
achieve adaptive properties under unbalanced mediation pathways. In the above discussion,
we illustrate the proposed idea using P(αj) = |αj| which generalizes LASSO for its popularity
and simplicity of implementation. We will stick to this choice in the remainder of this paper
for ease of presentation, but we expect that similar theoretical and numerical properties can
be achieved using other forms of penalties under suitable conditions.

Remark 2. The proposed adaptive weighting strategy can be readily extended beyond the
model discussed above, making it a versatile tool under a range of problems with potential
unbalanced parameters. A key strength of our approach is its ability to borrow statistical ef-
ficiency across models through initialization, while preserving low computational cost in the
refitting phase. This flexibility makes it particularly well-suited for examining target causal
effects that depend on multiple model parameters, a common characteristic in mediation path-
way models across diverse data types, including compositional data (Sohn and Li, 2019; Sohn
et al., 2022; Jiang et al., 2024), categorical and count data (Hao et al., 2025), and survival
outcome (Tchetgen Tchetgen, 2011). Furthermore, while the adaptive strategy is demon-
strated under two-step pathways as illustrated in Figure 2, it can be similarly generalized to
multi-step causal chains involving multiple parameters (Shi and Li, 2022), underscoring its
potential as a comprehensive and scalable method for analyzing complex causal effects.

3.3 Implementation

We next discuss the implementation of Steps 1 and 2 in the proposed procedure.

Step 1: To obtain reliable numerical results, the initial estimates (α̂0
nj, β̂

0
nj) should ade-

quately approximate the true values (α∗
j , β

∗
j ), while ensuring the stability of inverse weights

in (3) and (4). To this end, we will combine ordinary least squares (OLS) estimates with
appropriate lower bounds. We find this estimate exhibits both efficient and stable per-
formance through the extensive numerical studies in Section 6. In particular, let α̂nj,o

and β̂nj,o denote the OLS estimates of α∗
j and β∗

j under the model (1). Then we define
T (x, l) = sign(x)(max{|x| − l, 0}+ l) and construct

α̂0
nj = T (α̂nj,o, lnj,α), and β̂0

nj = T (β̂nj,o, lnj,β), (7)
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where we set lower bounds lnj,α = l0 · ŝe(α̂nj,o) and lnj,β = l0 · ŝe(β̂nj,o) with ŝe(α̂nj,o) and

ŝe(β̂nj,o) denoting the estimated standard error of α̂nj,o and β̂nj,o from the OLS regression.

This construction ensures that |α̂0
nj| ≥ lnj,α and |β̂0

nj| ≥ lnj,β, preventing the penalty weights

from diverging too fast when OLS estimates α̂nj,o and β̂nj,o approach zero, thereby enhanc-
ing robustness to poor OLS estimates. A detailed theoretical investigation of the asymptotic
properties will be provided in Section 4. Beyond this specific construction (7), other initial-
izations with similar properties could also be used.

Step 2: In the adaptive penalized regression, loss functions ℓM(·) and ℓY (·) can be specified
by users and take general forms. One simple yet effective choice is the quadratic loss function.
When the dimension of X becomes higher, regularization of coefficients ζM and ζY may also
be added to improve estimation efficiency. For instance, we may choose

ℓM(θM ; DM ,Mn) = ∥Mn −DMθM∥2F + PM(ζM), (8)

ℓY (θY ; DY ,Yn) = ∥Yn −DY θY ∥2F + PY (ζY , η),

where for A ∈ {M,Y }, PA(·) represents the penalty of the corresponding input coefficients.
In (8), setting PA(·) = 0 gives vanilla quadratic loss functions, and PA(·) can also be a
function with respect to only a subset of input parameters, e.g., the coefficient of the intercept
is often not penalized in practice. Numerically, our extensive experiments suggest that (8)
could yield sufficiently good and stable empirical results, as will be detailed in Section 6.
Computationally, under (8), optimizations (3) and (4) may be transformed to examining
penalized coefficients only, allowing the potential to further reduce computational complexity.
This is shown by Proposition 1 below. To facilitate the subsequent presentation, we define
RM = Mn and RY = Yn. Moreover, for A ∈ {M,Y }, let θAP and θAU represent penalized
and unpenalized coefficients in θA, respectively, and let DAP and DAU be corresponding
columns in the design matrix DA, respectively.

Proposition 1. For A ∈ {M,Y }, assume DA has full column rank, and PA(·) is convex.
Solving (θ̂M , θ̂Y ) by (3) and (4) is equivalent to solving that for A ∈ {M,Y },

θ̂AP = argmin
θAP

∥P⊥
AU(RA −DAPθAP )∥2F + P̄A(θAP ),

θ̂AU = D†
AU(RADAP θ̂AP ),

(9)

where D†
AU = (D⊤

AUDAU)
−1D⊤

AU , P
⊥
AU = In×n−DAUD

†
AU , In×n denotes an n×n identity ma-

trix, and P̄M(θMP ) = λnα

∑p
j=1 |αj|/ŵnj,α +PM(ζM) and P̄Y (θY P ) = λnβ

∑p
j=1 |βj|/ŵnj,β +

PY (ζY , η) represent two augmented penalties.

Proposition 1 shows that optimizing penalized losses only requires examining θAP , which
typically has a lower dimension than θA. This reduction in dimensionality might help de-
crease computational complexity when iterative optimization is needed. Moreover, once the
penalized coefficient estimate θ̂AP is obtained, unpenalized coefficient estimate θ̂AU can be
computed through closed-form formulae. When PA(·) takes ℓ1-norm based penalty, θ̂AP can
be easily obtained by a standard LASSO-based solver, such as the R package glmnet (Fried-
man et al., 2010). When PM(·) = 0, a closed-form formula for penalized coefficients α̂ can
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in fact be obtained; see Remark 4 in Appendix. While we discuss the implementation under
(8), we emphasize that the proposed adaptive strategy in (3) and (4) is general and can be
used with any other loss functions.

4 Asymptotic Theory

This section establishes asymptotic guarantees for the proposed procedure in Section 3,
giving insights into the advantage of the joint adaptive penalty for unbalanced pathways.
We begin by examining properties of the initialization and then analyze the joint adaptive
estimators.

4.1 Initialization

As discussed in Section 3.3, ideal initial estimates should accurately approximate the true
coefficients with stability near zero. This is formalized as Condition 3 below.

Condition 3 (Initialization). The constructed initial estimates α̂0
n and β̂

0

n in (5) satisfy

(i)
√
n(α̂0

nj − α∗
j ) = Op(1) and

√
n(β̂0

nj − β∗
j ) = Op(1);

(ii) 1/α̂0
nj = Op(

√
n) and 1/β̂0

nj = Op(
√
n).

We will show that the initial estimates in Section 3.3 satisfy Condition 3. We require the
following condition.

Condition 4 (Moments). Assume that

(i) cov(E) = Σ and cov(ϵ) = σ2, where Σ and σ2 are fixed and positive (definite);

(ii) as n → ∞, X⊤
nXn/n → ΣX , ∥P⊥

Xn
Tn∥22/n → σ2

T , and max1≤i≤n

(
P⊥

Xn
Tn

)2
i
/n → 0,

where ΣX and σ2
T are fixed and positive (definite), P⊥

Xn
= In×n−Xn(X

⊤
nXn)

−1Xn, and(
P⊥

Xn
Tn

)
i
represents the ith element of P⊥

Xn
Tn.

Condition 4 imposes regularity conditions on the second-order moments of the error terms
and covariates in the model (2), which are common in the regression analysis (Seber and
Lee, 2003).

Proposition 2. Under the model (2) and Condition 4, the initial estimates α̂0
n and β̂

0

n

constructed in (7) satisfy Condition 3.

4.2 Estimation and Selection Consistency

Under the above framework, we define the targeted set of active mediators as the indices in
the following set:

A∗ =
{
j : α∗

jβ
∗
j ̸= 0, j = 1, . . . , p

}
, (10)

10



which can be interpreted as the mediators for which pathways T → Mj and Mj → Y have
nonzero signals. We now study the asymptotics of our method. For ease of illustration, we
consider that quadratic loss functions are used in (3) and (4), i.e.,

ℓM(θM ; DM ,Mn) = ∥Mn −DMθM∥2F,
ℓY (θY ; DY ,Yn) = ∥Yn −DY θY ∥2F.

(11)

These loss functions are common in practice and clarify the essence of signal adaptation
achieved by the proposed method. More generally, we expect that conclusions for other loss
functions can be similarly established given suitable assumptions.

Theorem 1. Assume Conditions 3-4 under the model (2). Suppose the tuning parameters
satisfy n1/2−ηα ≪ λnα ≪ n1/2 and n1/2−ηβ ≪ λnβ ≪ n1/2, where 0 < 2ηα < γα and 0 <
2ηβ < γβ are specified in (5). Then with the use of the quadratic loss functions in (11), the

proposed estimates in (3) and (4) satisfy ∥α̂n − α∗∥2F + ∥β̂n − β∗∥2F →p 0. Moreover, Ân

constructed in (6) satisfies
lim
n→∞

Pr(Ân = A∗) = 1. (12)

Theorem 1 provides asymptotic guarantees for the joint adaptive penalty in both pa-
rameter estimation and active pathway selection, laying the theoretical foundation for its
practical utility.

To further gain insights into how the proposed method adapts to unbalanced pathways,
we compare the proposed joint adaptive penalty weights with those from a standard adaptive
LASSO penalty, i.e., comparing weights ŵnj,α and ŵnj,β in (3) and (4) with the weights in

adaptive LASSO: ŵAL,nj,α = |α̂0
nj|2ηα and ŵAL,nj,β = |β̂0

nj|2ηβ , respectively.

Proposition 3. Assume Conditions 3 and 4, 0 < 2ηα < γα and 0 < 2ηβ < γβ. Then

ŵnj,α

ŵAL,nj,α

→p 1 + |α∗
j |γα−2ηα|β∗

j |2γα ,

ŵnj,β

ŵAL,nj,β

→p 1 + |α∗
j |2γβ |β∗

j |γβ−2ηβ .

(13)

Proposition 3 shows that for an active pathway T → Mj → Y where α∗
j and β∗

j are
nonzero, the two ratios in (13) are greater than 1. This implies that the proposed joint
adaptive penalty is of smaller order compared to the adaptive LASSO penalty. In contrast,
for a nonactive pathway where at least one of α∗

j and β∗
j is zero, both ratios in (13) equal

1. This implies that the joint adaptive penalty and the adaptive LASSO penalty would
remain at the same order. Therefore, it is easier to distinguish the active pathways from the
remaining ones with the joint adaptive penalty.

5 Related Methods

In this section, we review related methods in the literature to set the stage for the numerical
comparisons in Section 6. Since our proposed method emphasizes regularized estimation of
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the model (1) along with the identification of active pathways through individual mediators,
we focus on methods with comparable setups and objectives, specifically those addressing
the dual goals of estimation and identification. It is worth noting that the proposed method
is flexible and can incorporate other methodological advances; see Remark 3. For a broader
overview on modern mediation analysis with multiple mediators, we refer readers to com-
prehensive reviews (Clark-Boucher et al., 2023; Blum et al., 2020; Zeng et al., 2021). In
the following, we organize our discussion by separately examining frequentist and Bayesian
approaches.

Under the frequentist perspective, mediation effects, i.e., α∗
jβ

∗
j under the model (1), are

typically treated as fixed parameters. One research line utilizes a fitting-and-testing strat-
egy: first fitting the T -M and M -Y models in (1) separately and obtaining asymptotic
distributions of the coefficient estimates; second, identifying active mediation pathways by
testing hypotheses H0,j : α

∗
jβ

∗
j = 0 for j = 1, . . . , p with appropriate adjustments for multiple

comparisons. For example, Zhang et al. (2016) first perform an additional initial screening
to reduce the number of mediators by applying sure independence screening (Fan and Lv,
2008) to the M -Y model. They then fit T -M and M -Y models and obtain asymptotic dis-
tributions of the coefficient estimates by the ordinary least squares regression and minimax
concave penalty regularized regression (Zhang, 2010), respectively. Gao et al. (2019) propose
a similar approach but obtain β̂j estimates and their asymptotic distributions through debi-
ased LASSO (Zhang and Zhang, 2014; van de Geer et al., 2014) to mitigate biases. Zhang
(2022) applies the adaptive LASSO to both T -M and M -Y models with asymptotic distri-
butions derived in Zou (2006). As an alternative to the above methods based on separate
model fitting, Zhao and Luo (2022) examines the joint model (1) with a penalty involving α
and β simultaneously. In particular, it proposes to penalize mediation effects by

∑p
j=1 |αjβj|,

alongside elastic net regularizations for α and β individually (Zou and Hastie, 2005). The
mediators with α̂jβ̂j ̸= 0 are identified as active.

Remark 3. While Section 3 focuses on model selection through regularization, our proposed
method can be seamlessly combined with other widely used strategies, such as sure inde-
pendence screening and multiple hypothesis testing, similar to the methods reviewed above.
Notably, our theoretical analysis has derived asymptotic distributions of coefficient estimates,
providing the foundation needed to apply established testing procedures for mediation path-
ways (Dai et al., 2022; Liu et al., 2022; He et al., 2024). To improve the accuracy of
inference under finite sample sizes, future research could explore high-order refinements for
uncertainty quantification (Chatterjee and Lahiri, 2013). In current simulations and data
analysis, our proposed method in Section 3 demonstrates sufficiently good performance. For
clarity and conciseness, we do not pursue post-selection inference in this paper and leave
these intriguing directions for future investigation.

Under the Bayesian perspective, estimating mediation effects and identifying active medi-
ation pathways can be framed as a Bayesian shrinkage estimation problem for the coefficients
under (1). In this vein, Song et al. (2020) specifies separate shrinkage priors for αj and βj,
followed by model selection based on posterior inclusion probabilities. Alternatively, Song
et al. (2021) proposes joint prior distributions on (αj, βj), utilizing hard thresholding to
specifically target non-zero mediation effects.
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6 Simulation Studies

We next evaluate the finite-sample performance of the proposed method and compare with
the methods reviewed in Section 5 through comprehensive simulations. As highlighted above,
the proposed penalty can be advantageous for identifying active yet unbalanced mediation
pathways. In the following, Section 6.1 presents the simulation settings, encompassing both
balanced and unbalanced pathways, and provides implementation details for all methods
under comparison. Section 6.2 reports numerical results focusing on the accuracy of selecting
active mediation pathways, highlighting the unique advantages of our proposed penalty.

6.1 Setup

Data Generation. We simulate data under the model (1), where T is randomly assigned
according to a Bernoulli distribution with success probability 0.5, the mediator-to-outcome-
model noise ϵ is independently drawn from a Gaussian distribution N (0, σ2), and pret-
treatment covariatesX are set to be empty for simplicity. We consider two cases of exposure-
to-mediator-model noises E below to examine the impact of different dependence patterns.

(I) Draw E independently from a multivariate Gaussian distribution N (0,Σ) with Σij =
(ρ|i−j|), where ρ ∈ {0, 0.4, 0.8}, corresponding to uncorrelated, moderate-correlation,
and high-correlation settings.

(II) After drawing n independent copies of E as in Case (I), randomly permute p dimen-
sions of the n copies together to allow for correlations between mediators that are
non-adjacent in terms of dimension indices. Note ρ = 0 is excluded in this case as
permutation would not change the distribution.

In each case above, we set p = 150, η∗ = 1, and σ2 = 1. We vary the sample size n ∈
{500, 1000, 1500, 2000} to understand its effect.

For the pairwise coefficients {(α∗
j , β

∗
j ) : j = 1, . . . , p}, we consider six groups of patterns:

for each group k = 1, . . . , 6, we set

(α∗
j , β

∗
j ) = C · (ak, bk), for j ∈ Gk := {(k − 1)p/6 + 1, . . . , kp/6}, (14)

where values of (ak, bk) are defined in Table 1, and C2 represents the effect magnitude.

Active Inactive

Group k 1 2 3 4 5 6

ak 1 1/δ δ 0 1 0

bk 1 δ 1/δ 1 0 0

Table 1: Patterns of six groups of coefficient pairs (α∗
j , β

∗
j ) = C · (ak, bk) with |δ| < 1.
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We aim to select the mediators Mj with j ∈ ∪3
k=1Gk. These three active groups satisfy

α∗
jβ

∗
j = C2 ̸= 0, and correspond to three types of relationships between treatment-mediator

and mediator-outcome effects, i.e.,

α∗
j

β∗
j

= 1 for j ∈ G1,
α∗
j

β∗
j

=
1

δ2
> 1 for j ∈ G2, and

α∗
j

β∗
j

= δ2 < 1 for j ∈ G3

when |δ| < 1. When fixing the direct effect, the above relationships can give three types of
directed acyclic graphs visualized as in Figure 3. As |δ| becomes smaller, the discrepancy

T Mj Y
α∗
j β∗

j

η∗

(a) Group 1.

T Mj Y
α∗
j β∗

j

η∗

(b) Group 2.

T Mj Y
α∗
j β∗

j

η∗

(c) Group 3.

Figure 3: Directed acyclic graphs of three active groups. Line widths of the solid links
indicate relative magnitudes of the corresponding pathwise effects. Dashed line represents
the direct effect that is fixed in the analysis.

between α∗
j and β∗

j becomes larger, which could make it more challenging for methods that
examine pathwise effects α∗

j and β∗
j separately. We aim to exclude the mediators Mj with

j ∈ ∪6
k=4Gk. The three inactive groups satisfy α∗

jβ
∗
j = 0 and correspond to three directed

acyclic graphs visualized as in Figure 4. In our simulations below, we set C = 1.

T Mj Y
α∗
j = 0 β∗

j

η∗

(a) Group 4.

T Mj Y
α∗
j β∗

j = 0

η∗

(b) Group 5.

T Mj Y
α∗
j = 0 β∗

j = 0

η∗

(c) Group 6.

Figure 4: Directed acyclic graphs of three inactive groups. The absence of an edge indicates
no causal effects.

Implementation Details. We implement the proposed method as discussed in Section
3.3. For l0 used in the initialization, our experiments suggest that the results are not sensitive
to the choice of l0, and we fix l0 = 5 below. Moreover, we use vanilla quadratic loss functions
in (3) and (4). For the hyperparameters in (5), we consider γα, γβ ∈ {0.75, 1, . . . , 3} and
ηα, ηβ ∈ {0.25, 0.5, 0.75, 1, 1.25}, subject to the constraints γα > 2ηα and γβ > 2ηβ. For
λnα in (3) and λnβ in (4), we consider exponentially spaced values ranging from e0 to e5

and from e3 to e8, respectively, using a step size of 0.1 in the exponent. We select the
hyperparameters (γα, ηα, λnα) and (γβ, ηβ, λnβ) by balancing variable selection stability (VSS,
Sun et al. (2013)) and mean squared error (MSE) in the following sense. Given each candidate
pair γ ′ = (γα, ηα), we first identify the smallest λnα value that achieves the highest VSS
computed via 5-fold cross-validation and denote it as λnα(γ

′). We then fit the model for
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each (γ ′, λnα(γ
′)) and compute MSE on the full data. The final hyperparameters are chosen

to minimize MSE. This two-stage procedure aims to achieve good model fit and robust
variable selection simultaneously. More details on the implementation can be found in Jiang
(2025).

We compare with the methods reviewed in Section 5. For the ease of reference, we adopt
abbreviations of methods as used in Clark-Boucher et al. (2023). In particular, HIMA (Zhang
et al., 2016), HDMA (Gao et al., 2019), and MedFix (Zhang, 2022) are conducted using codes
by Clark-Boucher et al. (2023). BSLMM (Song et al., 2020) and PTG (Song et al., 2021) are
conducted by R package bama. For the frequentist methods involving multiple testing, we
choose 0.05 as the significance level and apply Bonferroni correction. For Bayesian methods,
we use 0.5 as the cutoff of posterior inclusion probability. All other hyperparameters remain
at their default values. As Pathway LASSO incurs prohibitive computational costs and
demonstrates low selection accuracy in our settings, we present a separate analysis of it in
Appendix F.

In addition, to demonstrate the unique feature of the proposed penalty for mediation
pathway selection, we also compare with two established regularized regression methods for
model selection: LASSO (Tibshirani, 1996) and adaptive LASSO (Zou, 2006, abbreviated as
AL). Under (3) and (4), LASSO corresponds to ŵnj,α = 1 and ŵnj,β = 1, and AL corresponds

to ŵnj,α = |α̂0
nj|2ηα , ŵnj,β = |β̂0

nj|2ηβ . For a fair comparison, we tune the hyperparameters of
LASSO and AL using similar strategy to that above for our proposed method and construct
selection set same as in (6).

6.2 Numerical Results on Selection Accuracy

Figures 5 and 6 display estimated probabilities of correctly recovering the active set A∗

over 100 Monte Carlo replicates under Cases (I) and (II) of mediator-noise simulations,
respectively. For clear presentation and discussion, we group methods into three classes:
penalty-based (LASSO, AL, JAP), testing-based (HIMA, HDMA, MedFix), and Bayesian
methods (BSLMM, PTG).

The empirical results show that JAP achieves the highest accuracy across most regimes.
In fact, it was only outperformed by HIMA, LASSO, and AL when n = 500, ρ = 0.8, and
δ is close to zero. For a fixed n, the accuracy of JAP increases as ρ becomes smaller. For
a fixed ρ, the accuracy of JAP increases as n increases. These observations suggest that
JAP might be advantageous under scenarios with small correlations and large sample sizes.
Fixing (n, ρ), the selection accuracies of all methods, except PTG, decrease as δ becomes
smaller. This is reasonable since Table 1 implies that as δ decreases, β∗

j in Group 2 and
α∗
j in Group 3 would become smaller, making it more challenging to identify these small

nonzero α∗
j and β∗

j separately. Indeed, all the methods tend to have more false negatives
under smaller δ in our numerical studies. Our proposed JAP leverages the information on
the product effect α∗

jβ
∗
j and thus can achieve higher accuracy than the other methods do in

the challenging small-δ scenarios.
For the other two penalty-based methods, LASSO and AL, their relative performances

vary across scenarios. In Case (I), LASSO tends to outperform AL under a large n and a
larger ρ, whereas the relationship is at times reversed in Case (II). The results suggest that
LASSO might gain from larger within-group correlations but not between-group correlations.

15



Figure 5: The empirical probability of selecting the active set A∗ correctly. The rows cor-
respond to different correlations ρ and the columns correspond to different sample sizes n.
We use three colors to represent three method classes (penalty-based, testing-based, and
Bayesian), while employing distinct linetypes and point shapes to differentiate within each
method class. JAP is highlighted with a wider line.

For the three testing-based methods, we observe that HIMA consistently performs the best,
while HDMA is close to HIMA under no-correlation and low-correlation regimes but worse
than HIMA in high-correlation regimes. MedFix has the lowest selection accuracy among
the three in all scenarios. Both Bayesian methods, PTG and BSLMM, exhibit relatively low
selection accuracies and hardly improve as n or δ increases. The underperformance of PTG
may be attributed to its design for sparse settings. The accuracy of BSLMM, unlike the
other methods, shows non-monotonicity with respect to δ, which may arise from our fixed
choice of hyperparameters; it may perform better if hyperparameters can be chosen in an
appropriate data-driven way.

7 Data Analysis

We demonstrate the use of the proposed method by analyzing a gastrectomy dataset from the
Curated Gut Microbiome-Metabolome Data Resource (Muller et al., 2022). Our goal is to
investigate how the relationships between gastrectomy and the total cholesterol (TC) levels
in patients may be mediated through gut microbiome. Gastrectomy, the surgical removal of
all or part of the stomach, is commonly performed to treat conditions such as gastric cancer
(Penna and Allum, 2013), peptic ulcer (Maki et al., 1967), and morbid obesity (Bennett et al.,
2007). TC is a crucial health indicator and is known to be associated with cardiovascular
disease risks, including acute myocardial infarction and stroke (Jeong et al., 2018). Previous
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Figure 6: The probability of selecting the active set A∗ correctly with randomly reordered
mediator model noises En.
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Figure 7: The genera selected by different methods. We use different colors to indicate the
four selection results: excluded by both the mediator and outcome models, only included
by the mediator model, only included by the outcome model, and active mediators that are
included in both models.

studies indicate that TC levels tend to reduce after gastrectomy (Tromba et al., 2017; Lee
et al., 2015), and both gastrectomy and TC are related to the gut microbiome (Deng et al.,
2023; Vourakis et al., 2021; Erawijantari et al., 2020). Mediation analysis can further reveal
the role the gut microbiome plays in the process of gastrectomy influencing TC, enhancing
our understanding towards the fundamental biological mechanisms underlying the observed
effect. Specifically, we model gastrectomy as the treatment, TC levels as the outcome, and
observed gut microbiome as potential mediators and aim to identify microbiome genera with
significant mediation effects.

In particular, the studied dataset involves patients undergoing total colonoscopy at the
National Cancer Center Hospital, Tokyo, Japan. Their demographic information, clinical
parameters, and faecal samples have been collected. More detailed information of data col-
lection can be found in Erawijantari et al. (2020). After eliminating the records with missing
data, our sample contains 82 subjects, consisting of 42 participants who have undergone gas-
trectomy for gastric cancer and 40 controls. For the gut microbiome, we first filter out genera
with a prevalence lower than 0.9 to concentrate on the core microbiome shared across study
subjects. To accommodate the compositional nature of the count data (Gloor et al., 2017),
we apply a centered log-ratio (CLR) transformation with a pseudocount of 1. We then re-
move the genera with average transformed abundance smaller than 5, resulting in a total of
25 genera. Throughout the analysis, we adjust for covariates age and gender with ℓ1-penalty
for their coefficients in the outcome model when fitting the three penalty-based methods.

Figure 7 displays the results of the eight methods, implemented and organized in three
classes as in Section 6. For each method (rows) and each microbiome genus j (columns),
we use four colors to represent four types of results: (a) both treatment-to-mediator effect
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αj and mediator-to-outcome effect βj are significant, indicating the existence of mediation
effect αjβj through the corresponding microbiome genera, (b) only αj is significant, (c) only
βj is significant, and (d) both αj and βj are not significant.

In the results, MedFix, BSLMM and LASSO do not identify any significant effects. On
the other hand, PTG suggests all genera have significant mediation effects, which may be
overly optimistic as it tends to give more false positives in our simulations. HIMA and
HDMA are similar and only identify one genus, Copromonas, with significant mediation
effect. AL suggests all mediator-to-outcome effects βj’s are significant, whereas only three
genera have significant mediation effects αjβj. For those three genera, Bifidobacterium and
Prevotella have been discovered to be associated with the gastrectomy and TC (Lin et al.,
2018; Sánchez-Alcoholado et al., 2019; Jia et al., 2023; Deng et al., 2023; Vourakis et al.,
2021; Yu et al., 2020), and the fluctuation of Streptococcus abundance after gastrectomy has
also been observed before (Yu et al., 2020).

The proposed method JAP identifies 19 genera with significant mediation effects, includ-
ing Roseburia and Bacteroides, whose relationships with gastrectomy and TC have been
reported in the literature (Yu et al., 2020; Kissmann et al., 2024; Deng et al., 2023; Wu
et al., 2022; Jia et al., 2023). Compared to the other methods, it can yield more discoveries
while maintaining some discernment. Also, JAP is similar to AL in terms of identifying all
mediator-to-outcome effects βj’s, which is understandable by the connections between their
constructions. But JAP identifies more treatment-to-mediator effects αj’s than AL does,
which could be attributed to the effective use of joint pathwise information in JAP. For
example, existing studies have shown that the abundances of Bacteroides and Veillonella
changed after gastrectomy (Yu et al., 2020; Kissmann et al., 2024; Deng et al., 2023; Wu
et al., 2022). Their treatment-to-mediator effects αj’s have been identified by JAP but not
AL. The results suggest that the proposed JAP can be a powerful method in practice.

8 Discussion

In this work, we propose a novel joint adaptive penalty for regularized mediation analy-
sis. Our approach incorporates adaptive weights informed by the significance of mediation
effects to improve statistical efficiency in estimating and identifying unbalanced mediation
pathways. Theoretically, we establish rigorous asymptotic guarantee for controlling the esti-
mation error and consistent selection of active mediation pathways. Numerically, we demon-
strate the adaptability and scalability of the proposed method across diverse scenarios. Our
proposed strategy provides a flexible and powerful framework for analyzing mediation effects,
opening several new avenues for future research.

First, as noted in Remark 2, the adaptive weights can be extended to mediation anal-
ysis models for diverse data types and causal chains (Jiang et al., 2024; Hao et al., 2025;
Tchetgen Tchetgen, 2011). While our core idea of incorporating the significance of target
causal effects remains applicable across different models and targets, the constructions and
performance of extensions would require case-by-case investigation, presenting important
questions and opportunities for future exploration.

Second, although this paper considers scenarios with fixed-dimensional mediators for
the ease of understanding and illustration, we anticipate that our theoretical results can
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be extended to accommodate high-dimensional mediators under appropriate assumptions
(Huang et al., 2008). Methodologically, the proposed method could potentially be enhanced
by combining with other widely used strategies, such as sure independence screening (Fan
and Lv, 2008). Developing appropriate refinements and comprehensive understanding for
the proposed adaptive weights in high-dimensional scenarios would be important areas for
future research.

Third, this paper focuses on model estimation and consistent selection, where achieving
the latter typically requires strong assumptions on signal strengths. More generally, alter-
native measures of variable selection performance, such as false discovery rate, could also
be considered. This may be achieved by developing post-selection inference tools for the
proposed adaptive penalty and combining them with multiple testing methods (Liu et al.,
2022), as discussed in Remark 3. Understanding how the improved estimation efficiency
influences the final performance of pathway identification would be an interesting future
research direction.
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Appendix
We provide the proofs of Lemma 1, Propositions 1–3, and Theorem 1 in Sections A–

E, respectively. The supplementary simulation results of Pathway LASSO is presented in
Appendix F.

A Proof of Lemma 1

To prove Lemma 1, we first state conclusions that will be needed in the following derivation.
In particular, under the model (1), we have

E[Mj | T = t,X = x] = α∗
j t+ ζ∗⊤

Mjx, j = 1, . . . , p, (15)

E[Y | T = t,M = m,X = x] = η∗t+ β∗⊤m+ ζ∗⊤
Y x, (16)

where ζ∗
Mj represents the jth column of ζ∗

M . For j = 1, . . . , p, we have

E[Mj(t) | X = x] = E[Mj(t) | T = t,X = x] (by Condition 2 (i)) (17)

= E[Mj | T = t,X = x] (by Condition 1)

= α∗
j t+ ζ∗⊤

Mjx. (by (15))

To derive δj(t
′; , t), note that E{Y (t,Mj(t

′),M−j(t))] = E[E[Y (t,Mj(t
′),M−j(t)) | X]}.

We first examine

E[Y (t,Mj(t
′),M−j(t)) | X = x]

=

∫
Rp

E[Y (t,m,w) | Mj(t
′) = m,X = x,M−j(t) = w] dFt′,t|x(m,w), (18)

where Ft′,t|x represents the distribution of (Mj(t
′),M−j(t)) conditional on X = x. Since

Condition 2 (i) implies Y (t,m,w) ⊥⊥ T | {Mj(t
′) = m′,M−j(t

′′) = w′′,X = x},

(18) =

∫
Rp

E[Y (t,m,w) | Mj(t
′) = m,M−j(t) = w, T = t, X = x] dFt′,t|x(m,w)

=

∫
Rp

E[Y (t,m,w) | Mj(t) = m,M−j(t) = w, T = t, X = x] dFt′,t|x(m,w), (19)

where the last equation follows by Condition 2 (iii). By Condition 1,

(19) =

∫
Rp

E[Y | Mj = m,M−j = w, T = t,X = x] dFt′,t|x(m,w) (20)

=

∫
Rp

(
η∗t+ β∗

jm+ β∗⊤
−jw + ζ∗⊤

Y x
)
dFt′,t|x(m,w) (by (16))

= η∗t+ α∗
jβ

∗
j t

′ + β∗⊤
−jα

∗
−jt+ (β∗⊤ζ∗⊤

M + ζ∗⊤
Y )x, (by (17)) (21)
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where α∗
−j and β∗

−j represent the vectors α∗ and β∗ excluding their j-th elements, respec-

tively. Combining (18)–(21), we obtain E [Y (t,Mj(t
′),M−j(t))] = η∗t+α∗

jβ
∗
j t

′ +β∗⊤
−jα

∗
−jt+

(β∗⊤ζ∗⊤
M + ζ∗⊤

Y )E(X). Similar conclusion can be derived for E [Y (t,Mj(t),M−j(t))] by let-
ting t′ = t. In summary, δj(t

′; t) = E [Y (t,Mj(t
′),M−j(t))] − E [Y (t,Mj(t),M−j(t))] =

α∗
jβ

∗
j (t

′ − t) is obtained.

B Proof of Proposition 1

When applying the loss functions defined in (8), we can rewrite the optimizations (3) and
(4) as (

θ̂AP , θ̂AU

)
= argmin

θAP ,θAU

∥RA −DAPθAP −DAUθAU∥2F + P̄A(θAP ) (22)

for A ∈ {M,Y }. Since P⊥
AU is a projection matrix onto the column space orthogonal to

that of DAU , by properties of projection matrices (Seber and Lee, 2003), we can decompose
∥RA −DAPθAP −DAUθAU∥2F = ℓA,1(θAP ) + ℓA,2(θAP ,θAU), where PAU = In×n −P⊥

AU ,

ℓA,1(θAP ) = ∥P⊥
AU(RA −DAPθAP )∥2F,

ℓA,2(θAP ,θAU) = ∥PAU(RA −DAPθAP )−DAUθAU∥2F,

and ℓA,1(·) does not depend on θAU . Plugging the above decomposition into (22), we obtain(
θ̂AP , θ̂AU

)
= argmin

θAP ,θAU

ℓA,1(θAP ) + ℓA,2(θAP ,θAU) + P̄A(θAP ), (23)

which is unique by the convexity of the penalized loss function.
By equivalently optimizing over θ̂AU and θ̂AP sequentially, we have

θ̂AP = argmin
θAP

ℓA,1(θAP ) + P̄A(θAP ) + min
θAU

ℓA,2(θAP ,θAU)

= argmin
θAP

ℓA,1(θAP ) + P̄A(θAP ), (24)

where the second equation follows by the property of ordinary least squares regression that
minθAU

ℓA,2(θAP ,θAU) = 0 for each given θAP . Therefore, the first equation in (9) is proved.
Similarly, by sequential optimization, we know

θ̂AU = argmin
θAU

ℓA,1(θ̂AP ) + P̄A(θ̂AP ) + ℓA,2(θ̂AP ,θAU)

= argmin
θAU

ℓA,2(θ̂AP ,θAU) = D†
AU(RA −DAP θ̂AP ),

which follows by the solution of ordinary least squares regression.

Remark 4. When PM(·) = 0, α̂n is given by

α̂nj = T

(
M⊤

njP
⊥
Xn

Tn

∥P⊥
Xn

Tn∥22
;

λnα

2ŵnj,α∥P⊥
Xn

Tn∥22

)
, j = 1, . . . , p, (25)

where Mnj is the jth column of Mn and P⊥
Xn

= In×n −Xn(X
⊤
nXn)

−1X⊤
n .
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Proof. By Proposition 1, optimization (3) can be written as

α̂n = argmin
α∈Rp

∥P⊥
Xn

(Mn −Tnα
⊤)∥2F + λnα

p∑
j=1

|αj|
ŵnj,α

= argmin
α∈Rp

p∑
j

{
∥P⊥

Xn
Mnj − αjP

⊥
Xn

Tn∥22 + λnα
|αj|
ŵnj,α

}
.

Hence, each element α̂nj in α̂n is the solution to the following optimization problem:

α̂nj = argmin
αj∈R

{∥P⊥
Xn

Mnj − αjP
⊥
Xn

Tn∥22 + λnα|αj|/ŵnj,α},

which has a closed form given by (25).

C Proof of Proposition 2

First, to show α̂0
nj constructed in (7) satisfies Condition 3(ii), note that |α̂0

nj| ≤ lnj,α =
l0 · ŝe(α̂nj,o). Thus, 1/α̂

0
nj = Op(1/ŝe(α̂nj,o)) = Op(

√
n), which follows from the third term in

(26) in Lemma 2 below.

Lemma 2. Under the conditions of Proposition 2, OLS estimators α̂nj,o and β̂nj,o satisfy

√
n(α̂nj,o − α∗

j ) = Op(1),
√
nŝe(α̂nj,o) = Op(1),

1√
nŝe(α̂nj,o)

= Op(1), (26)

√
n(β̂nj,o − β∗

j ) = Op(1),
√
nŝe(β̂nj,o) = Op(1),

1
√
nŝe(β̂nj,o)

= Op(1). (27)

Proof. See Section C.1.

Second, we show that α̂0
nj satisfies Condition 3(i). For α̂0

nj in (7), we can equivalently
rewrite it as α̂0

nj = α̂nj,o1{|α̂nj,o|≥lnj,α} + lnj,α1{|α̂nj,o|<lnj,α}, where 1 represents the indicator
function. Therefore,

α̂0
nj − α∗

j

= (α̂nj,o − α∗
j )1{|α̂nj,o|≥lnj,α} + {lnj,α − α̂nj,o + (α̂nj,o − α∗

j )}1{|α̂nj,o|<lnj,α}

= α̂nj,o − α∗
j + (lnj,α − α̂nj,o)1{|α̂nj,o|<lnj,α}. (28)

Thus,

|
√
n(α̂0

nj − α∗
j )| ≤

√
n|α̂nj,o − α∗

j |+ 2
√
nlnj,α =

√
n|α̂nj,o − α∗

j |+ 2l0
√
nŝe(α̂nj,o). (29)

By the first and second terms in (26) in Lemma 2, we can conclude that (29) = Op(1). We

can similarly prove that β̂0
nj satisfies Condition 3.
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C.1 Proof of Lemma 2

Proof of (26). We first show
√
n(α̂nj,o − α∗

j ) = Op(1). We use Enj to denote the jth
column of En. Note that α̂nj,o is the OLS for the coefficient of Tn under the linear regression
Mnj ∼ (Tn,Xn). By Frisch–Waugh–Lovell Theorem, we know

α̂nj,o = (T⊤
nP

⊥
Xn

Tn)
−1T⊤

nP
⊥
Xn

Mnj = α∗
j + (T⊤

nP
⊥
Xn

Tn)
−1T⊤

nP
⊥
Xn

Enj, (30)

where the second equation follows by the model Mnj = Tnα
∗
j +XnζM,j +Enj in (2). By the

independence between En and DM , and Condition 4, we have that

E⊤
nP

⊥
Xn

Tn√
n

→d N
(
0p, σ

2
TΣ
)
, (31)

where →d denotes convergence in distribution. Then we have

√
n(α̂nj,o − α∗

j ) =

(∥P⊥
Xn

Tn∥22
n

)−1
E⊤

njP
⊥
Xn

Tn√
n

= Op(1).

We next prove the second and third terms in (26). Let Σ̂jj denote the estimator of
Σjj under OLS. By the property of OLS (Seber and Lee, 2003) and Condition 4, we have

Σ̂jj →p Σjj as n → ∞ and

ŝe2(α̂nj,o) = (T⊤
nP

⊥
Xn

Tn)
−1Σ̂jj. (32)

Then by Slutsky’s theorem and Condition 4,

nŝe2(α̂nj,o) →p Σjj/σ
2
T and

1

nŝe2(α̂nj,o)
→p

σ2
T

Σjj

,

where Σjj/σ
2
T > 0 is fixed. Therefore, the second and third terms in (26) can be obtained.

Proof of (27). We first show
√
n(β̂nj,o−β∗

j ) = Op(1). Note β̂n,o is the regression coefficient
vector ofMn under the linear regressionYn ∼ Mn+DM . By Frisch–Waugh–Lovell Theorem,
we know

β̂n,o = (M⊤
nP

⊥
DM

Mn)
−1M⊤

nP
⊥
DM

Yn = β∗ + (E⊤
nP

⊥
DM

En)
−1E⊤

nP
⊥
DM

ϵn, (33)

where the second equation follows by the model Yn = Mnβ
∗ +DM(η∗, ζ∗⊤

Y )⊤ + ϵn by (2).
To finish the proof, it suffices to show

E⊤
nP

⊥
DM

En/n →p Σ and E⊤
nP

⊥
DM

ϵn/
√
n →d N (0p, σ

2Σ), (34)

where the latter is Op(1). By the law of large numbers and the central limit theorem, we
know E⊤

nEn/n →p Σ and E⊤
n ϵn/

√
n →d N (0p, σ

2Σ). Thus, by P⊥
DM

= In×n − PDM
and

Slutsky’s theorem, it remains to show

E⊤
nPDM

En

n
=

E⊤
nXn(X

⊤
nXn)

−1X⊤
nEn

n
+

E⊤
nP

⊥
Xn

Tn(T
⊤
nP

⊥
Xn

Tn)
−1T⊤

nP
⊥
Xn

En

n

E⊤
nPDM

ϵn√
n

=
E⊤

nXn(X
⊤
nXn)

−1X⊤
n ϵn√

n
+

E⊤
nP

⊥
Xn

Tn(T
⊤
nP

⊥
Xn

Tn)
−1T⊤

nP
⊥
Xn

ϵn√
n
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are op(1), where the equations hold by PDM
= P(Tn,Xn) = PXn +PP⊥

Xn
Tn

. In particular, the

conclusion follows because by Condition 4 and Markov’s inequality, we haveX⊤
nXn/n → ΣX ,

T⊤
nP

⊥
Xn

Tn/n → σ2
T , X⊤

nEn = Op(
√
n), X⊤

n ϵn/n = Op(
√
n), T⊤

nP
⊥
Xn

En = Op(
√
n), and

T⊤
nP

⊥
Xn

ϵn = Op(
√
n).

We next prove the second and third terms in (27). Let σ̂2 denote the estimator of σ2

under OLS. By the properties of OLS and Condition 4, we have σ̂2 →p σ
2 as n → ∞ and

ŝe2(β̂nj,o) =
(
(E⊤

nP
⊥
DM

En)
−1
)
jj
σ̂2. (35)

Then by (34) and (35),

nŝe2(β̂nj,o) →p σ
2(Σ−1)jj and

1

nŝe2(β̂nj,o)
→p

1

σ2(Σ−1)jj
,

where (Σ−1)jj, the jth diagonal element of Σ−1, is positive and fixed by Condition 4. There-
fore, the second and third terms in (27) can be obtained.

D Proof of Theorem 1

This section is organized as follows. Section D.1 defines notation and lemmas to be used in
the proof of Theorem 1. Section D.2 provides the main proof of Theorem 1. Sections D.3
and D.4 prove Lemmas 3 and 4 given in Section D.1.

D.1 Notation and Preliminary Lemmas

Notation. For an index set, we use a superscript c to denote its complement, and we
use the index set itself as a subscript to a vector or matrix to represent its corresponding
subvector or submatrix. For example, A∗c represents the complement of A∗ ⊆ {1, . . . , p},
α∗

A∗ represents the subvector of α∗ consisting of the elements with indices in A∗, and ΣA∗

represents the submatrix of Σ consisting of the elements with both row and column indices
in A∗. Additionally, we define

A∗
α =

{
j : α∗

j ̸= 0, j = 1, . . . , p
}

and A∗
β =

{
j : β∗

j ̸= 0, j = 1, . . . , p
}

as the index sets of mediators with nonzero exposure-to-mediator effects and with nonzero
mediator-to-outcome effects.

Lemma 3. Under the conditions in Theorem 1, as the sample size n → ∞,

λnα√
nŵnj,α

→p

{
0, for j ∈ A∗

α

∞, for j ∈ A∗c
α

and
λnβ√
nŵnj,β

→p

{
0, for j ∈ A∗

β

∞, for j ∈ A∗c
β

. (36)

Proof. See Section D.3.
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Lemma 4. Under the conditions in Theorem 1, the JAP estimators of α∗ satisfy:
√
n
(
α̂n,A∗

α
−α∗

A∗
α

)
→d N

(
0, σ−2

T ΣA∗
α

)
, and

√
nα̂n,A∗c

α
→p 0, (37)

and the JAP estimators of β∗ satisfy:

√
n
(
β̂n,A∗

β
− β∗

A∗
β

)
→d N

(
0, σ2Σ−1

A∗
β

)
and

√
nβ̂n,A∗c

β
→p 0. (38)

Proof. See Section D.4.

D.2 Proof of Theorem 1

First, to prove ∥α̂n − α∗∥2F + ∥β̂n − β∗∥2F →p 0, note that Lemma 4 implies α̂nj − α∗
j →p 0

and β̂nj − β∗
j →p 0 for j = 1, . . . , p. Then the conclusion follows from Slutsky’s theorem.

We next prove (12). As {Ân = A∗}c = {Ân ⊇ A∗}c ∪{Ân ⊆ A∗}c, by Boole’s inequality,
to prove (12), it suffices to show

lim
n→∞

Pr({Ân ⊇ A∗}c) = 0, (39)

lim
n→∞

Pr({Ân ⊆ A∗}c) = 0. (40)

(i) Proof of (39). Note

Pr({Ân ⊇ A∗}c) = Pr(∪j∈A∗{j ̸∈ Ân}) ⩽
∑
j∈A∗

Pr(j ̸∈ Ân)

⩽
∑
j∈A∗

{Pr(α̂nj = 0) + Pr(β̂nj = 0)},

where the last inequality follows as j ̸∈ Ân is equivalent to {α̂nj = 0} ∪ {β̂nj = 0} based on
our construction. Note

Pr(β̂nj = 0) = Pr
(
β∗
j = −(β̂nj − β∗

j )
)
≤ Pr

(√
n
∣∣β∗

j

∣∣ = √
n
∣∣∣β̂nj − β∗

j

∣∣∣) . (41)

By the first part of (38), (41) → 0 as n → ∞ for any j ∈ A∗. Similarly, we can use (37) to
show that limn→∞ Pr(α̂nj = 0) = 0 for all j ∈ A∗. In summary, limn→∞ Pr({Ân ⊇ A∗}c) = 0,
and (39) is proved.

(ii) Proof of (40). Since {Ân ⊆ A∗}c = {There exists j ̸∈ A∗ such that j ∈ Ân} =
∪j ̸∈A∗{j ∈ Ân}, and {j ∈ Ân} = {α̂nj ̸= 0} ∩ {β̂nj ̸= 0} by our construction, we have

Pr({Ân ⊆ A∗}c) ⩽
∑
j ̸∈A∗

Pr({α̂nj ̸= 0} ∩ {β̂nj ̸= 0})

=
∑

j∈(A∗
α∩A∗

β)
c

Pr({α̂nj ̸= 0} ∩ {β̂nj ̸= 0}) (by A∗ = A∗
α ∩ A∗

β)

⩽
∑
j∈A∗c

α

Pr(α̂nj ̸= 0) +
∑
j∈A∗c

β

Pr(β̂nj ̸= 0). (42)
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First, α̂nj ̸= 0, by Remark 4, is equivalent to

|M⊤
njP

⊥
Xn

Tn|
∥P⊥

Xn
Tn∥22

>
λnα

2ŵnj,α∥P⊥
Xn

Tn∥22
.

Multiplying both sides of the above inequality by ∥P⊥
Xn

Tn∥22/
√
n and substituting the model

of Mnj in (2), we obtain∣∣∣∣∥P⊥
Xn

Tn∥22√
n

α∗
j +

EnjP
⊥
Xn

Tn√
n

∣∣∣∣ > 1

2

λnα√
nŵnj,α

. (43)

For j ∈ A∗c
α , α

∗
j = 0, thus the left hand side of (43) is Op(1) by (31), while the right hand

side of (43) →p ∞ as n → ∞ by (36).
Second, by the Karush–Kuhn–Tucker (KKT) condition and (9), we know the estimate

β̂n satisfies

−2D⊤
MP⊥

DM
(Yn −Mnβ̂n) + λnβ

p∑
j=1

1

ŵnj,β

∂|β|
∂β

∣∣∣∣
β=β̂nj

= 0.

For β̂nj ̸= 0, it reduces to

2M⊤
njP

⊥
DM

(Yn −Mnβ̂n) =
λnβ

ŵnj,β

sign(β̂nj).

Dividing both sides of the equation by 2
√
n and substituting Yn and Mn using (2), we

obtain
E⊤

njP
⊥
DM

ϵn√
n

+
E⊤

njP
⊥
DM

En

n

√
n(β∗ − β̂n) =

1

2

λnβ√
nŵnj,β

sign(β̂nj). (44)

For any j ∈ A∗c
β , the left hand side of (44) is Op(1) by (34) and the first part of (38), while

the absolute value of the right hand side of (44) →p ∞ as n → ∞ by (36). Therefore, for
any j ∈ A∗c

β ,

Pr
(
j ∈ Ân,β

)
≤ Pr

(∣∣∣∣∣E⊤
njP

⊥
DM

ϵn√
n

+
E⊤

njP
⊥
DM

En

n

√
n(β∗ − β̂n)

∣∣∣∣∣ = 1

2

λnβ√
nŵnj,β

)
→ 0 as n → ∞.

In summary, we obtain (42) → 0 as n → ∞, which finishes the proof.

D.3 Proof of Lemma 3

First, to prove λnα√
nŵnj,α

→p ∞ for j ∈ A∗c
α , since λnα ≫ n1/2−ηα , it suffices to show nηαŵnj,α =

Op(1) for j ∈ A∗c
α . Note that for j ∈ A∗c

α ,
√
nα̂0

nj =
√
n(α̂0

nj −α∗
j ) = Op(1) by Condition 3(i),

then

nηαŵnj,α = n
2ηα−γα

2 |
√
nα̂0

nj|γα|β̂0
nj|γα + |

√
nα̂0

nj|2ηα = Op(1),
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which follows by γα > 2ηα.
Second, we show λnα√

nŵnj,α
→p 0 for j ∈ A∗

α. Following Condition 3(i) and Slutsky’s

theorem, as n → ∞,

ŵnj,α = |α̂0
njβ̂

0
nj|γα + |α̂0

nj|2ηα →p |α∗
jβ

∗
j |γα + |α∗

j |2ηα > 0 for j ∈ A∗
α.

Since λnα ≪ n1/2, λnα√
nŵnj,α

→p 0 for j ∈ A∗
α.

Following similar arguments, we can prove the conclusions for
λnβ√
nŵnj,β

.

D.4 Proof of Lemma 4

(i) Proof of (38). To prove (38), we use the formula for penalized coefficients in Propo-
sition 1. In particular, under the loss function in (11), we have θY P = β, P̄Y (β) =
λnβ

∑p
j=1 |βj|/ŵnj,β, and

ℓY,1(β) = ∥P⊥
DM

(Yn −Mnβ)∥2F
= ∥P⊥

DM
{Mn(β

∗ − β) + ϵn}∥2F = ∥P⊥
DM

En(β
∗ − β) +P⊥

DM
ϵn∥2F,

where the second and third equations follow by the model of Yn and Mn in (2).
Define ûβ

n =
√
n(β̂n − β∗). By (24), we have ûβ

n = argminu∈Rp V β
n (u), where we define

V β
n (u) ≡

{
ℓY,1(β

∗ +
u√
n
) + P̄Y (β

∗ +
u√
n
)

}
− {ℓY,1(β∗) + P̄Y (β

∗)}

= u⊤

(
E⊤

nP
⊥
DM

En

n

)
u− 2u⊤E

⊤
nP

⊥
DM

ϵn√
n

+

p∑
j=1

λnβ√
nŵnj,β

√
n

(∣∣∣∣β∗
j +

uj√
n

∣∣∣∣− ∣∣β∗
j

∣∣) , (45)

which follows by plugging the formulae of ℓY,1(·) and P̄Y (·). To obtain the asymptotics of
ûβ
n, we derive the limit of V β

n (·).
First, in V β

n (u),
λnβ√
nŵnj,β

√
n
(∣∣∣β∗

j +
uj√
n

∣∣∣− ∣∣β∗
j

∣∣) = 0 if uj = 0. When uj ̸= 0, its conver-

gence can be discussed in two cases. For any j ∈ A∗
β and fixed uj ̸= 0, by (36),∣∣∣∣ λnβ√

nŵnj,β

√
n

(∣∣∣∣β∗
j +

uj√
n

∣∣∣∣− ∣∣β∗
j

∣∣)∣∣∣∣ ≤ λnβ√
nŵnj,β

|uj| →p 0 as n → ∞. (46)

For any j ∈ A∗c
β and fixed uj ̸= 0,

λnβ√
nŵnj,β

√
n

(∣∣∣∣β∗
j +

uj√
n

∣∣∣∣− ∣∣β∗
j

∣∣) =
λnβ√
nŵnj,β

|uj| →p ∞ as n → ∞. (47)

By (34) and Slutsky’s theorem, we have that for any fixed u, as n → ∞,

V β
n (u) →d V

β(u) ≡

{
u⊤Σu− 2u⊤W if uj = 0 for all j ∈ A∗c

β ,

∞ otherwise,
(48)

=

{
u⊤
A∗

β
ΣA∗

β
uA∗

β
− 2u⊤

A∗
β
WA∗

β
if uj = 0 for all j ∈ A∗c

β ,

∞ otherwise,
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where W ∼ N (0, σ2Σ), and WA∗
β
denotes its subvector satisfying WA∗

β
∼ N (0, σ2ΣA∗

β
).

Since ΣA∗
β
is positive definite, V β(u) has a unique minimizer. Following the epi-convergence

results in Geyer (1994), we have

ûβ
n = argmin

u
V β
n (u) →d argmin

u
V β(u) ⇒

{
ûβ
n,A∗

β
→d Σ

−1
A∗

β
WA∗

β
,

ûβ
n,A∗c

β
→d 0.

(49)

Therefore, (38) is proved.

(ii) Proof of (37). The proof is similar to the proof of (38). To prove (37), we use the
simplified formula for penalized coefficients in Proposition 1. Specifically, under the loss
function in (8) with PM(·) = 0, we have θMP = α, P̄M(α) = λnα

∑p
j=1 |αj|/ŵnj,α, and

ℓM,1(α) = ∥P⊥
Xn

(Mn −Tnα
⊤)∥2F = ∥P⊥

Xn
En +P⊥

Xn
Tn(α

∗⊤ −α⊤)∥2F,

where the second equation follows by the model of Mn in (2).
Define ûα

n =
√
n(α̂n −α∗). By (24), we have ûα

n = argminu∈Rp V α
n (u), where we define

V α
n (u) ≡

(
ℓM,1(α

∗ +
u√
n
) + P̄M(α∗ +

u√
n
)

)
− (ℓM,1(α

∗) + P̄M(α∗))

=
∥P⊥

Xn
Tn∥22
n

u⊤u− 2u⊤E
⊤
nP

⊥
Xn

Tn√
n

+

p∑
j=1

λnα√
nŵnj,α

√
n

(∣∣∣∣α∗
j +

uj√
n

∣∣∣∣− ∣∣α∗
j

∣∣) , (50)

which follows by plugging the formulae of ℓM,1(·) and P̄M(·). We derive the limit of V α
n (·) in

(50) to obtain the asymptotics in (37).
For the third term in (50), following analogous reasoning to the discussion above, we can

show that for any fixed uj ̸= 0, as n → ∞,

λnα√
nŵnj,α

√
n

(∣∣∣∣α∗
j +

uj√
n

∣∣∣∣− ∣∣α∗
j

∣∣)→p

{
0 if j ∈ A∗,

∞ if j ∈ A∗c.

Combining with Condition 4 and (31), by Slutsky’s theorem, we have that for any fixed u,
as n → ∞,

V α
n (u) →d V

α(u) ≡

{
σ2
Tu

⊤u− 2u⊤W ′ if uj = 0 for all j ∈ A∗c
α ,

∞ otherwise,
(51)

=

{
σ2
Tu

⊤
A∗

α
uA∗

α
− 2u⊤

A∗
α
W ′

A∗
α

if uj = 0 for all j ∈ A∗c
α ,

∞ otherwise,

where W ′ ∼ N (0, σ2
TΣ), and W ′

A∗
α
denotes its subvector satisfying W ′

A∗
α
∼ N

(
0, σ2

TΣA∗
α

)
.

Since ΣA∗
α
is positive definite, V α(u) has a unique minimizer. Following the epi-convergence

results in Geyer (1994), we have

ûα
n = argmin

u
V α
n (u) →d argmin

u
V α(u) ⇒

{
ûα
n,A∗

α
→d σ

−2
T W ′

A∗
α
,

ûα
n,A∗c

α
→d 0.

(52)

Therefore, (37) is proved.
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Figure 8: Empirical computation time for fitting Pathway LASSO and JAP once across 100
repetitions. The dots represent the average computation time, and the error bars indicate
the 0.05 and 0.95 quantiles.

E Proof of Proposition prop:penaltyscale

We have that

ŵnj,α

ŵAL,nj,α

= 1 + |α̂0
nj|γα−2ηα|β̂0

nj|2γα and
ŵnj,β

ŵAL,nj,β

= 1 + |α̂0
nj|2γβ |β̂0

nj|γβ−2ηβ . (53)

When 0 < 2ηα < γα and 0 < 2ηβ < γβ, (13) follows from Condition 1 and Slutsky’s Theorem.

F Pathway LASSO

In this section, we present supplementary simulation studies on Pathway LASSO.
Setup. We adopt a data generation mechanism that is a special case of that in Section 6

with a focus on Case (I) of E with ρ = 0. We set n = 2000 and η∗ = 1. For the pairwise
coefficients {(α∗

j , β
∗
j ) : j = 1, . . . , p}, we still consider the six groups of patterns as defined in

(14) and Table 1 with δ = 2−1.5. Under each setting, we simulate 100 independent datasets.

Computation time. The computation time of Pathway LASSO grows rapidly in p, mak-
ing it prohibitive for the p = 150 setting considered in Section 6. To illustrate, we next
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consider a smaller range of p ∈ {6, 18, 30, 42, 54, 66, 78, 90}. Figure 8 compares the empirical
computation time between Pathway LASSO and JAP when they are fitted once. Notably,
Pathway LASSO is almost always 300 times more time-consuming than JAP. For our simu-
lations in Section 6, including Pathway LASSO is even more prohibitive as a larger p = 150
is used, and cross-validation is applied for optimal penalty parameter λ. As an example,
when p = 90, selecting the optimal λ from 40 candidates using 5-fold cross-validation takes
Pathway LASSO over 14 hours, whereas JAP completes the same task in under 3 minutes.

Selection accuracy. Due to the computational burden discussed above, we evaluate the
selection accuracy of Pathway LASSO for p ∈ {6, . . . , 90}, which are smaller than p = 150
in Section 6, and their default range of hyperparameters is considered. Specifically, their
penalty hyperparameter λ is chosen from values ranging from 0.0014 to 100000, formed by
combining two uniformly logarithmically spaced sequences, featuring a denser grid for smaller
magnitudes and a sparser grid for larger magnitudes. When fitting JAP for comparison, we
let λnα and λnβ in (3) and (4) take the same range of forty values as λ in Pathway LASSO,
while fixing γα = ηα = ηα = ηβ = 1 in (5). Across all p values, the empirical accuracy of
selecting A∗ of JAP under the tuned hyperparameters is 1, and that of Pathway LASSO
under all values of λ are 0. In future studies, it could be of interest to improve the accuracy
of Pathway LASSO by exploring a larger range of candidate hyperparameters.
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